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Abstract

In this paper, I aim at evaluating unified infinite integral whose

integrand involves the product of the H-function and SUV polyno-

mial. Further, its argument contains the factors of the form xλ−1(1+

αxk)−µ(1 + βxl)−ν . On account of the nature of the functions in the

integrand, a large number of unknown integrals can be easily ob-

tained from it by specializing the functions and parameters involved

therein. For illustration, we establish three new integrals containing

the functions such as: Fox H-function, Appell polynomial, Gener-

alised Wright Hypergeometric function, Jacobi polynomial, Gener-

alised Riemann Zeta function, Laguerre polynomial.
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1 Introduction

1.1 SU
′

V ′ Polynomial

The following polynomial is known as the SU
′

V ′ Polynomial and was

introduced by Srivastava [13], in 2006:

SU
′

V ′ [x] =

[V ′/U ′]∑
R′=0

(−V ′)U ′R′AV ′,R′

R′!
xR

′
, V ′ = 0, 1, 2, .... (1)

U ′ represents a positive arbitrary integer, the AV ′,R′ (coefficients) are

always taken as constants, complex or real.

Taking U’ = 1 in (1) SU
′

V ′ polynomial reduces to Appell polynomial

which was introduced by P. E. Appell [1], defined as follows:

AV ′(x) =
V ′∑
R′=0

a V ′−R′

R′!
xR

′
, V ′ = 0, 1, 2... (2)

aV ′−R′ are the complex coefficient and a0 6= 0.

1.2 H-function

Inayat Hussain [6] introduces the H-function, which was later studied

by Bushman and Srivastava [2] and others. The utile representation

of the H-function in form of a series was obtained by Rathie [11], and

is represented as follows (see, details, [8], [9]):

H
m′,n′

p′,q′

z′
∣∣∣∣∣∣

(e′j, E
′
j;∈j)1,n′ , (e′j, E

′
j)n′+1,p′

(f ′j, F
′
j)1,m′ , (f ′j, F

′
j ;=j)m′+1,q′

 =
∞∑
t′=0

m′∑
h′=1

Θ(st′,h′)z
st′,h′

(3)
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where,

Θ(st′,h′) =

m′∏
j=1,j 6=h′

Γ(f ′j − F ′jst′,h′)
n′∏
j=1

{
Γ(1− e′j + E ′jst′,h′)

}∈j
q′∏

j=m′+1

{
Γ(1− f ′j + F ′jst′,h′)

}=j p′∏
j=n′+1

Γ(e′j − E ′jst′,h′)

(−1)t
′

t′!F ′h′
,

(4)

st′,h′ =
f ′h′ + t

F ′h′

In continuation, we will also be using the following behaviour of the

H
m′,n′

p′,q′ [z′] function for very large and small values of z given by Saxena

et al. [12].

H
m′,n′

p′,q′ [z′] = O[|z′|α], for small values of z’, where α = min
1≤j≤m′

R

(
f ′j
F ′j

)
(5)

H
m′,n′

p′,q′ [z′] = O[|z′|β], for large values of z’, where β = max
1≤j≤n′

R

(
∈j
(
ej − 1

E ′j

))
(6)

Considering ∈i= =j = 1(i = 1, ..., n′; j = m′ + 1, ..., q′) in (3) H-

function will reduce to Fox H-function [14], which is defined and

represented as follows:

HM ′,N ′

P ′,Q′ [z′] = HM ′,N ′

P ′,Q′

z′
∣∣∣∣∣∣

(a′j, αj)1,P ′

(b′j, βj)1,Q′

 (7)

=
1

2πi

∫
L

Θ(s)zs ds (8)
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z′ ∈ C \ {0}, i =
√
−1, where C represents complex numbers,

Θ(s) =

M ′∏
j=1

Γ(b′j − β′js)
N ′∏
j=1

Γ(1− a′j + α′js)

Q′∏
j=M ′+1

Γ(1− b′j + β′js)
P ′∏

j=N ′+1

Γ(a′j − α′js)
(9)

and

1 5M ′ 5 Q′ and 0 5 N ′ 5 P ′ (M ′, Q′ ∈ N; N ′, P ′ ∈ N0 = N∪{0})
(10)

Here, product if empty is interpreted as 1 and L is a Mellin-Barnes

type contour in the complex s-plane with some indentations used to

separate the two sets of the poles of given integrand Θ(s) (see [7] and

[14]).

2 Main Integrals

2.1 First Integral

∞∫
0

xλ−1(1 + αxk)−µ(1 + βxl)−νdx

=
1

kΓ(µ)Γ(ν)α
λ
k

H2,2
2,2

 β

α
l
k

∣∣∣∣∣∣
(1− ν, 1), (1− λ

k
, l
k
)

(0, 1), (µ− λ
k
, l
k
)


(11)

provided that the conditions given below are satisfied :-

(i) l, k > 0 (ii)R(λ) > 0

(iii) R(kµ+ lν − λ) > 0

Proof : To prove the First Integral (11). I express (1 + βxl)−ν in

the form of contour integral using [14] occurring in the left hand side.

Now according to permissibility of the given condition I interchange

the x-integral and contour integral.
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Thus the L.H.S of (11) takes the form given below after a little

simplification (say ∆)

∆ =
1

2πiΓ(ν)k

∫
L

1

α
λ+ls
k

Γ(ν + s)Γ(−s)βsds

∞∫
0

t
λ+ls
k
−1(1 + t)−µdt

(12)

Now I evaluate t-integral occurring in (12), finally reinterpreting the

result obtained in terms of Fox H-function. I easily arrive at the

R.H.S of (11) after a some simplification.

2.2 Second Integral

∞∫
0

xλ−1(1 + αxk)−µ(1 + βxl)−νSU
′

V ′ [z2 x
λ0(1 + αxk)−µ0(1 + βxl)−ν0 ]

H
m′,n′

p′,q′

z1xλ1(1 + αxk)−µ1(1 + βxl)−ν1

∣∣∣∣∣∣
(e′j, E

′
j;∈j)1,n′ , (e′j, E

′
j)n′+1,p′

(f ′j, F
′
j)1,m′ , (f ′j, F

′
j ;=j)m′+1,q′

 dx

=
m∑
h=1

∞∑
t=0

[V ′/U ′]∑
R′=0

(−V ′)U ′R′AV ′,R′

R′!
Θ(st,h)z

st,h
1 zR

′

2

1

kΓ(µ+ µ1st,h + µ0R′)

1

α
λ+λ1st,h+λ0R

′

k

H2,2
2,2

 β

α
l
k

∣∣∣∣∣∣∣
(1− ν − ν1st′,h′ − ν0R′, 1), (1− λ+λ1st′,h′+λ0R

k
, l
k
)

(0, 1), (µ+ µ1st′,h′ + µ0R−
λ+λ1st′,h′+λ0R

k
, l
k
)


(13)

provided the conditions given below are satisfied :-

(i) R(kµ+ lν − λ+ (kµ1 + lν1 − λ1) max
1≤j≤n

(
∈j
(
e′j−1
E′
j

))
) > 0

(ii) R(λ+ λ1 min
1≤j≤n′

(
f ′j
F ′
j

)
) > 0 (iii) l, k > 0

(iv) min R(λ, λ1, µ, µ1, ν, ν1) ≥ 0 (not all are simultaneously zero)
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Proof : To prove Integral (13), I express SU
′

V ′ and H-function in

thir series form using (1) and (3) respectively. Further, I exchange

the order of summation with x-integral ( permissible under stated

condition ). Thus, the L.H.S of (13) takes the following form after

some simplification ( stated as ∆)

∆ =
m′∑
h′=1

∞∑
t′=0

[V ′/U ′]∑
R′=0

(−V ′)U ′R′AV ′,R′

R′!
Θ(st′,h′) z

st′,h′
1 zR

′

2

∞∫
0

xλ+λ1st′,h′+λ0R
′−1(1 + αxk)−µ−µ1st′,h′−µ0R

′

∗ (1 + βxl)−ν−ν1st′,h′−ν0R
′
dx (14)

Further, evaluating x-integral in (13) using (10), reinterpreting the

obtained result in Fox H-function. After a little simplification, I can

easily obtain R.H.S of (11).

2.3 Special Case

(i) In the Integral (13), if I take λ1 = µ1 = 0 and also reduce H-

function to well established Fox H-function further reduce SU
′

V ′ poly-

nomial to Appell polynomial [1], I obtain the following integral.

∞∫
0

xλ−1(1 + αxk)−µ(1 + βxl)−νHm′,n′

p′,q′

[
z1(1 + βxl)−ν1

∣∣∣∣ (e′j, E
′
j)1,p′

(f ′j, F
′
j)1,q′

]
AV ′ [z2x

λ0(1 + αxk)−µ0(1 + βxl)−ν0 ]dx

=
V ′∑
R′=0

aV ′−R′

R′!

1

kΓ(µ+ µ0R′)

1

α
λ+λ0R

′
k

zR
′

2 H0,1:m′,n′;2,1
1,0:p′,q′+1;1,2

 z1

β

α
l
k

∣∣∣∣∣∣
A∗ : C∗

B∗ : D∗


(15)
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where

A∗ = (1− ν − ν0R′; ν1, 1) B∗ = −
C∗ = (e′j, E

′
j)1,p′ ; (1− λ+λ0R′

k
, l
k
)

D∗ = (f ′j, F
′
j)1,q′ , (1− ν − ν0R′, ν1); (0, 1), (µ+ µ0R

′ − λ+λ0R′

k
, l
k
)

provided that the conditions obtainable from (13) are satisfied.

(ii) Now, on taking z2 = 1, µ0 = ν0 = µ1 = ν1 = λ1 = 0 and re-

ducing H-function to Generalised Wright Hypergeometric function

[4], [10] and reducing SU
′

V ′ polynomial to Jacobi polynomial [15] I can

easily obtain the following integral.

∞∫
0

xλ−1(1 + αxk)−µ(1 + βxl)−νp′ψq′

 (e′j, E
′
j;∈j)1,p′

(f ′j, F
′
j ;=j)1,q′

; z1

P (α1,β1)
V ′ (1− 2xλ0)dx

=
∞∑
t′=0

V ′∑
R′=0

p′∏
j=1

(Γ(e′j + E ′jt))
∈j

q′∏
j=2

(Γ(f ′j + F ′jt))
=j

zt1
t!

(−V ′)R′(1 + α1 + β1 + V ′)R′

(1 + α1)R′ R′!
xR

′λ0

(
V ′ + α2

V ′

)

1

kΓ(µ)Γ(ν + ν1t)

1

α
λ+λ0R

′
k

H2,2
2,2

 β

α
l
k

∣∣∣∣∣∣
(1− ν − ν1t, 1), (1− λ+λ0R′

k
, l
k
)

(0, 1), (µ− λ+λ0R′

k
, l
k
)


(16)

provided that the existing conditions of (13) are satisfied.

(iii) Again in the Integral (12), if I take z1 = 1,µ0 = λ0 = ν1 =

0 and reduce H-function to well known Generalized Riemann Zeta

function [3, 5] and reduce SU
′

V ′ polynomial to well established Laguerre

polynomial [14] by taking U’ = 1, AV ′,R′ =

(
V ′ + ρ

V ′

)
1

(ρ+1)R′
,
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I can easily obtain the following integral.

∞∫
0

xλ−1(1 + αxk)−µ(1 + βxl)−ν φ(xλ1(1 + αxk)−µ1 , σ, η)L
(ρ)
V ′ (z(1 + βxl)−ν0)dx

=
∞∑
t=0

V ′∑
R′=0

1

(η + t)σ

(
V ′ + ρ

V ′

)
zR

′

R′!

(−V ′)R′

(ρ+ 1)R′

1

k Γ(µ+ µ1t) Γ(ν + ν0R′)

1

α
λ+λ1
k

H2,2
2,2

 β

α
l
k

∣∣∣∣∣∣
(1− ν − ν0R′, 1), (1− λ+λ1

k
, l
k
)

(0, 1), (µ+ µ1t− λ+λ1
k
, l
k
)


(17)

provided that the conditions (13) are satisfied.

3 Conclusion

In this paper, On account of the nature of the functions in the inte-

grand, a large number of unknown integrals can be easily obtained

from it by specializing the functions and parameters involved therein.

For illustration, I establish three new integrals containing the func-

tions such as: Fox H-function, Appell polynomial, Generalised Wright

Hypergeometric function, Jacobi polynomial, Generalised Riemann

Zeta function, Laguerre polynomial.
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