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Abstract

In this paper, I aim at evaluating unified infinite integral whose
integrand involves the product of the H-function and SY polyno-
mial. Further, its argument contains the factors of the form z*~1(1+
az®)7#(1 + B2!)7". On account of the nature of the functions in the
integrand, a large number of unknown integrals can be easily ob-
tained from it by specializing the functions and parameters involved
therein. For illustration, we establish three new integrals containing
the functions such as: Fox H-function, Appell polynomial, Gener-
alised Wright Hypergeometric function, Jacobi polynomial, Gener-
alised Riemann Zeta function, Laguerre polynomial.
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1 Introduction

1.1 ng Polynomial

The following polynomial is known as the SU, Polynomial and was
introduced by Srivastava [13], in 2006:

v /U]
! _V, !’ /A !/ / /
Szl = > ( h;;f' VR v =0,1,2,.... (1)
R'=0 )

U’ represents a positive arbitrary integer, the Ay g (coefficients) are
always taken as constants, complex or real.

Taking U’ = 1 in (1) Sg,' polynomial reduces to Appell polynomial
which was introduced by P. E. Appell [1], defined as follows:

Vl
Ayi(z) = %x”, V' =0,1,2. 2)
R'=0 ’

ay:_pr are the complex coefficient and ag # 0.

1.2 H-function

Inayat Hussain [6] introduces the H-function, which was later studied
by Bushman and Srivastava [2] and others. The utile representation
of the H-function in form of a series was obtained by Rathie [11], and
is represented as follows (see, details, [8], [9]):
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where,
m’ n/ c.
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In continuation, we will also be using the following behaviour of the

”]/7nl

H,, ! [¢] function for very large and small values of z given by Saxena

p'd’
et al. [12].
’ ’ f/
H, " [2'] = O[|#'|°], for small values of z’, where a = min R ( j)

/ !
v'q 1<j<m/

F!
()

—m/ n’ " "8 , . ‘ ej —].
H, . [¢'] = O[|#|"], for large values of z’, where 8 = lglj%i,f)f{ <EJ < Fo >)
(6)

j
Considering €,= S; = 1(i = 1,...,n;j = m' +1,....¢) in (3) H-
function will reduce to Fox H-function [14], which is defined and
represented as follows:

(a}, o)1,
M’ N’ M’ N’
Hp o ] =Hp o |7 (7)
(b5, Bi)igr
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2z € C\ {0}, 1= +/—1, where C represents complex numbers,

M’ N’
[1 T, — Bis) TIT(1 — a} + os)
Ofs) = —5— (9)
@ P’
| J\l;[+1 (1 -V + Bs) 11;[+1 ['(a — afs)
j=M' j=N'

and

1M Q) and 0SSN <SP (M',Q e N; N', P € Ny = NU{0})
(10)

Here, product if empty is interpreted as 1 and £ is a Mellin-Barnes

type contour in the complex s-plane with some indentations used to

separate the two sets of the poles of given integrand O(s) (see [7] and
[14]).

2 Main Integrals

2.1 First Integral

/xA Y1+ ax®)™(1 + pa')da
0

provided that the conditions given below are satisfied :-
(i) l,k>0 (i)RN) >0
(ili) R(kp+1lv —X) >0
Proof : To prove the First Integral (11). I express (1 + Bz!)7" in
the form of contour integral using [14] occurring in the left hand side.
Now according to permissibility of the given condition I interchange
the x-integral and contour integral.
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Thus the L.H.S of (11) takes the form given below after a little
simplification (say A)

oo

]. 1 A+ls
A = r [(—s)B%s | t7% Y(1+t)"dt
27riF(1/)k:/a“z;lﬁ v+ )l(=s)f 5/ Co)

£ 0

(12)

Now I evaluate t-integral occurring in (12), finally reinterpreting the
result obtained in terms of Fox H-function. I easily arrive at the
R.H.S of (11) after a some simplification.

2.2 Second Integral

/$)‘_1(1 + az®)TH(1L + 5xl)_”SU,/ 29 2 (1 + azk)7 (1 + ﬁxl)_”"]
0
(69'7 E;, Ej)l,n’7 (697 E;')nurl,p/
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h=1 t=0 R/—0 R KL (p + pasen + poR)
A + 1+ R
1 - B (1_V_l/15t’,h’ —V(]R/,l),(l — %,é)
KA RO 122 ar A+ A1sy -+ AoR
@ ' (071)7(N+M15t’,h’+M0R_ %7%)
(13)

provided the conditions given below are satisfied :-

. e;-fl
(1) %(k,u + ll/ — )\ + (k/Ll + ll/l — )\1) 1?]2}% <€j (E_§>>) > O
(i) KA+ Ay i, (FJ’>) >0 (iii) I,k >0

(iv) min R(\, A1, u, p1,v, v1) > 0 (not all are simultaneously zero)
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Proof : To prove Integral (13), I express SU, and H-function in
thir series form using (1) and (3) respectively. Further, I exchange
the order of summation with x-integral ( permissible under stated
condition ). Thus, the L.H.S of (13) takes the following form after
some simplification ( stated as A)

m oo [V//U']

A= 330S S (TIA Ba of

h'=1t'=0 R'=0

[e.e]
/$A+A15t/,h/+AOR/—1(1 +axk)—u—ulﬁt/,;L/—#oR/

0
x (14 Bat) v vieew o gy (14)

Further, evaluating x-integral in (13) using (10), reinterpreting the
obtained result in Fox H-function. After a little simplification, I can
easily obtain R.H.S of (11).

2.3 Special Case

(i) In the Integral (13), if I take \; = y; = 0 and also reduce H-
function to well established Fox H-function further reduce S‘g,/ poly-
nomial to Appell polynomial [1], I obtain the following integral.

oo

/x’\ Y1+ aa®) (1 + Ba) ™ ;nq” { (14 Bah)y™

0

(e;, E})Lp/ :|
( j/’a F}{)l,Q’

Ayr[z2™ (1 + az®) 7 (1 + ') ™ ]da

2 | AY L CF
_ZCLV’ R 1 1 R’H(]lmn21
/| kr / )\+>\0R’ <2 1,0:p/,q’+1;1,2

R KD (p+ po ) o 250 a% B . D

(15)
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where
A*=(1—-v—uvR;u,1) B* = —
€ = (), By (1 302 ,
D* = (f1, Frqs (1 = v =R 11); (0, 1), (1 + po R — 25502 1)

provided that the conditions obtainable from (13) are satisfied.

(ii) Now, on taking zo = 1, pp = vp = 3 = v, = A\ = 0 and re-
ducing H-function to Generalised Wright Hypergeometric function
[4], [10] and reducing SY, polynomial to Jacobi polynomial [15] I can
easily obtain the following integral.

> [ (€ By
/.T/\_l(l + ax®)TH(1 + ﬁml)_”p/¢q/ P21 P‘(/-Cfl’ﬁl)(l — 227 dx
0 (5, F5: Sihg

p/

00 ’ T 6,- + E/'t i
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v o T+ F))es (b o)z
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(1 — V= Vltu ]-)7 (1 - /\+/]\€0R/7 é)

1 L 2| B
kr(:u)F(V—FVﬂf)oé%oR/ 22 |

B

(07 1)7 (/L - %(]Rx é)

(16)

provided that the existing conditions of (13) are satisfied.

(iii) Again in the Integral (12), if I take 23 = 1,0 = Ao = 11 =
0 and reduce H-function to well known Generalized Riemann Zeta
function [3, 5] and reduce ng polynomial to well established Laguerre
Vi+p ) 1
V! (Pt )R

polynomial [14] by taking U’ =1, Ay g = (
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I can easily obtain the following integral.

/ (1 aak) (1 Bal) 7 6 (1 aat) ™ o) LY (2(1 4 a') o) da

_ii 1 (V’+p>_R’(—V’)R/ 1 1
(m+t)7 \ V' ) R p+ 1) p kT(p+mt) T + 0 R) o5

(1—v—nR,1),(1- 221

22| o
s z
ar (071)7(M+M1t—%7é)
(17)

provided that the conditions (13) are satisfied.

3 Conclusion

In this paper, On account of the nature of the functions in the inte-
grand, a large number of unknown integrals can be easily obtained
from it by specializing the functions and parameters involved therein.
For illustration, I establish three new integrals containing the func-
tions such as: Fox H-function, Appell polynomial, Generalised Wright
Hypergeometric function, Jacobi polynomial, Generalised Riemann
Zeta function, Laguerre polynomial.
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